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Three-Dimensional Laminar Boundary Layers
with Large Cross-Flow
R. VAGLIO-LAURIN* AND G.

New York University, Bronx, New York

The paper is concerned with the detailed formulation and evaluation of a previously proposed
physical model and method of analysis for three-dimensional hypersonic laminar boundary
layers. In this approach, the boundary layer is subdivided into two (inner and outer) regions
characterized by widely different momentum fluxes per unit area. The subdivision leads to
considerable simplifications in the statements of the inner and outer equations and in the de-
termination of the associated solutions. An over-all description of the flow is obtained by
matching the two solutions. The heuristic model and method of analysis are corroborated by
comparing their predictions with those of "exact" numerical solutions of the complete
boundary-layer equations. The family of self-preserving flows near a plane of symmetry is
used as test problem. The two-layer model yields closed-form results for velocity and en-
thalpy profiles as well as for skin friction and wall heat transfer, in good agreement with the
exact predictions. The application of the model to general three-dimensional flows is dis-
cussed in the context of this comparison and of the salient features of the analysis; inter-
alia, the extension to moderate Mach number flows is indicated.

1. Introduction

RECENT theoretical studies of compressible and, in par-
ticular hypersonic, three-dimensional laminar boundary

layers can broadly be divided into two categories, namely a)
those devoted to specific classes of flows amenable to simpli-
fied description and analysis, e.g., similar solutions,1'2 neg-
ligible3'4 and small5'6 cross-flow approximations and b) those
concerned with fully numerical solutions.7 The studies in
category a have provided much useful information and under-
standing on the behavior of three-dimensional flows; however,
their range of applicability in general situations remains un-
certain. The studies in category b possess general applicabil-
ity, in principle; however, they essentially represent numeri-
cal experiments which must rely on separate physical-
analytical models for a comprehensive interpretation and a
coordinated understanding of the results.

An alternative approach to general three-dimensional prob-
lems consists in seeking approximations that are intimately re-
lated to the physical characteristics of the flow, at least for
specific broad ranges of flight velocities and configurations.
In this vein, a simplified physical and analytical model was
set forth in Ref. 8 for hypersonic flows. The model recognizes
two regions; 1) a thin outer region where the fluid velocity
and stagnation enthalpy are nearly the same as those in the
external inviscid flow, the density is comparable to the exter-
nal density, the cross-flow is negligible, and the possibly non-
similar flow is described by linear partial differential equations
and 2) an inner region, comprising the major portion of the
boundary layer, where the cross-flow can be appreciable, but
the inertial forces are small compared to the pressure and vis-
cous forces, and the flow is locally similar, viz. governed by
ordinary differential equations.
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The subdivision of the boundary layer into two regions has
been used previously with success in analyses of two-dimen-
sional flows at low as well as high velocities. These analyses
may be categorized in two groups; a) the analyses where the
two layer approach is justified by asymptotic considerations
associated with the presence of a large parameter in the gov-
erning equations (e.g., the transverse curvature parameter in
the equations describing the axial viscous flow over a long
circular cylinder9 and the strong interaction region over a
slender cone at zero incidence10), and b) the analyses where the
two layer model is justified by heuristic physical arguments in-
stead of rigorous asymptotic considerations (e.g., the Von Kar-
man-Millikan11 and Stratford11 investigations of flows in ad-
verse pressure gradients). Although not rigorous, the studies
of group b have performed a useful role in demonstrating the
dominant contributions to dynamic equilibrium in different
regions of the boundary layer, and in providing reasonably ac-
curate results by relatively rapid calculations.

The analysis presented in this paper is conceptually in the
vein of group b. Attention is focused on flows in the pres-
ence of favorable pressure gradients and of moderate adverse
pressure gradients which do not produce separation in either
the stream wise or the cross-flow direction. The heuristic two
region model for these classes of hypersonic three-dimensional
boundary layers8 is examined with a view toward the analyti-
cal implementation of the related method of analysis, toward
the assessment of the solutions obtained by this method in
comparison with "exact" numerical results, and toward the
possible application of the model outside the range of hyper-
sonic conditions. The general statement of the problem, in-
cluding an approach to the systematic matching of inner and
outer solutions, is presented first (sec. 2). The analysis is
then specialized to a class of hypersonic laminar flows near a
plane of symmetry,2 which are chosen as test case for demon-
strating and assessing the proposed approach. Closed form
solutions valid in the outer region (Sec. 3) and in the inner
region (Sec. 4) are obtained and matched to provide a com-
plete description of the flow (Sec. 5). The accuracy of the
two layer analysis is demonstrated by comparing the present
results with those of Ref. 2 (Sec. 6). Finally the applicabil-
ity of the model under nonhypersonic conditions, as well as its
implications for the proper formulation of fully numerical
solutions and for the use of integral methods, are discussed.
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2. Statement of the Problem

It is well known12 that hypersonic laminar boundary layers
exhibit the following characteristics (Fig. 1) : 1) a thin outer
region, adjacent to the edge, where the density and the mo-
mentum flux per unit area rapidly decrease from their in viscid
stream values, while the velocity and the stagnation enthalpy
remain essentially undisturbed; and 2) an inner region, which
encompasses the major portion of the boundary layer, where
the local density and momentum flux per unit area are much
smaller than their counterparts in the inviscid stream. These
features readily suggest a physical model for three-dimensional
flows. In a system of orthogonal curvilinear coordinates
(xi,X2,Xs) having the surface xs = 0 coincident with the body
surface, and the lines (xz = constant, x% = 0) coincident with
the streamlines of the inviscid flow (Fig. 2), the high density
outer fluid layer plays the role of an equivalent solid plate with
respect to the low density inner layer. The outer layer, mov-
ing parallel to the surface of the body at the inviscid flow ve-
locity Vie (vi denotes the x -component of velocity, a subscript e
denotes properties of the inviscid flow) develops negligible
cross-flow (relative to the inviscid streamlines) because it pos-
sesses momentum comparable to that of the freestream. The
inner layer is dragged by the outer one ; its state of motion is
determined by the combined action of the equivalent outer
plate, of the actual wall, and of the streamwise (dp/dxi) and
transversal (dp/d£2) pressure gradients. Because of low
density and inertia, this motion (of the inner layer) is domi-
nated by viscous and pressure forces and, therefore, is Couette-
like in the direction of the external flow and Poiseuille-like in
the direction transversal thereto.

Consistent with the considerations above, simplified sets of
equations appropriate to the inner and outer regions were sug-
gested in Ref. 8, where it was also indicated that matching of
the inner and outer solutions would provide a complete de-
scription of the flow. These suggestions are elaborated in
quantitative fashion below. The discussion is based on a de-
scription of the flow in curvilinear streamline coordinates Xi
(i = 1, 2, 3) which clearly manifest the influence of the cross-
flow and its derivatives upon the inner and outer solutions,
as well as the zones of dependence and/or influence7 to be con-
sidered in numerical solutions of the problem.

In curvilinear streamline coordinates, with metric elements
6ij the boundary-layer equations for a perfect gas with unit
Prandtl number take the form

+ = 0 (1)

[ Dvi dci de2 1-^- + ViV2 —— — v2
2 —— =Dt eie&xz e2eiOXi_\
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Fig. 1 Typical profiles for a three-dimensional hypersonic
laminar boundary layer near a plane of symmetry.

Fig. 2 Schematic
diagram of orthogonal
curvilinear | coordinate

system.
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where

p(DH/Dt) =

D/Dt (i = 1,2,3)

(4)

(5)

Vi denotes the ^-component of velocity, p the density, p, the
viscosity, and H the stagnation enthalpy. Associated with
these equations are the boundary conditions (for an imperne-
able wall)

x, = o, Vi = 0, H = Hw (6a)

Xs -> co; vi -* vie, ^2^0, H-+He (6b)

For present purposes, it is useful to recast the Eqs. (1-4) in
terms of Levy-Lees-like (except for the density transforma-
tion) independent and dependent variables. With the inde-
pendent variables and metric elements

/*

= |n«/ u U/2 (7a)

where p*, /A*, etc. denote inviscid flow properties on a selected
edge streamline (x% = x?.*, x% = 0), and with the dependent
variables

= Vi/Vi*j Vi = Vz/

* *v ~ pWVi
H = (H - Hw)/(He - Ha), p = p/p*, H =

the governing equations become

/^7U\(7b)

= 0 (8)

—— ~-

Dt

elP*Vl*

p(DH/Dt) =

(10)

(H)

with

(12a)
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(12b)
5

the leading terms are retained, the inner equations are

- fcfc y-

(12c)

(12d)

(12e)

(12f)

The boundary conditions associated with Eqs. (8-11) are

£3 = 0, Vi = H = 0 (13a)

£3 -*• co 3 ft -y (Vie/Vi*) = Vie, V2 ~> 0, H -> 1 (13b)

The continuity Eq. (8) can be satisfied identically by introduc-
ing two_stream functions (2^1)1/2/^7(^-) and (2^i)1/V(^i) such
that

(14)

Examination of the Eqs. (8-11) readily yields the two layer
behavior for hypersonic boundary layers, wherein m -*- 1,
p -*• 0, except for {(Hw/He) + [1 - (Hw/He)]H - mff t 2 +
ft2]} = 0(1 — m), and the characteristic thickness 5*, e.g.,
the displacement thickness, becomes 0[(1 — m)"1]. In
accord with the behavior previously exhibited in Fig. 1, the
outer region is characterized byt

(?s - <3*) = 0(1), p = (pc/Ze)//Z = 0(1)

F = 0(1), <p « const = 0(1)

yl = (fte _ ^ = 0(1 - m), F2 = -ft = 0(1 - m)

73 = ^3 = 0(1), HQ = (I - H) = 0(1 - m)

[F,j3,/Z] = 0(1), - = 0(1 - m)

= 0(1 - m)

the inner region (for flows not approaching separation) is
characterized by

& = 0(1), p = (pe/Ie)//Z = 0(1 - m)

(16)

yl = i;le - 0(1 - m), F2 = 0(1 - m)

73 = 0(1 - m), #0 = 1 - 0(1 - m)

= 0(1 - m), [F,<p,p] =
o&

- m)2]

and the external flow by

a* = 0(1), P* = 0(1 - m) (17)

Simplified statements of Eqs. (8-11) appropriate to the in-
ner and outer regions are obtained upon an order of magnitude
analysis consistent with the estimates (15) and (16). If only

(18)

(19)

= 0 (20)
viz. ordinary differential equations. To the same approxima-
tion the outer equations are reduced to linear partial differen-
tial equations

Z)^F2

Dt

X

, / /?*<**v 2{,?s
1 \ (Sp/dfe) ,+ d*7

^r- V* (22)

(23)DFH0/Dt = eJpepevle*(<)*
where
Dr/Dt = (^i./e1){2f1(d/d{i) -

[F + 2f1(d^/d&)]d/d^j (24)
uP°n change of independent variables from (£i,f2,&) to
(£i,&,F) and use of Eq. (14) in the reduced form appropriate to
the outer region.

F
(25)

^ A r ̂
Z^i 62 v U t̂

^(^i,J2,0) + 0(1 — m) ~ ^(?i,fe,0)
It should be emphasized that, to the present approximation,
the stream function <p in the outer region depends only on £1
and £2 but not on £3 or F [see Eq. (25)]. The boundary con-
ditions associated with the inner Eqs. (18-20) are, for an im-
permeable surface,
£ _ C\ ~\7 (i) _ TT friY> n — 19 JJ (t) — 77^S3 — ^j ' J — vje iOI Jr — J-j^? jTZQ — -LJ-Ow

^3-> oo ; Fy(i) matches Fy(o) fo r j = 1,2,§
HQ^ matches H^ (26b)

where superscripts (i) and (o) denote inner and outer solu-
tions, respectively. The boundary conditions associated with
the outer Eqs. (21-23) are

F -+ 0 F/o) matches V^ for j = 1,2,

(27a)/

]70
(o) matches ^0

(i)

/? ̂  oo, F/o) -> 0 for y = 1,2, #0
(o) -> 0 (27b)

Although the matching conditions remain to be specified, it
is of interest at this point to examine the inner and outer equa-
tions and boundary conditions with a view to the different

% A linear viscosity-temperature relation is assumed in what
follows.

§ The quantitative statement of the matching conditions is pre-
sented in subsequent paragraphs.



OCTOBER 1970 LAMINAR BOUNDARY LAYERS WITH LARGE CROSS-FLOW 1825

interplay of streamwise flow and cross-flow in the two regions,
and the consistent formulation of inner and outer solutions.
The inner Eqs. (18-20) show that, in accord with the physical
arguments advanced at the beginning of this section, the flow
in the inner region is dominated by the effect of pressure and
viscous transports. The streamwise and cross-flow velocities
are coupled only through the energy equation and the tem-
perature dependence of the viscosity. Since the flow is de-
scribed by ordinary differential equations, the solutions satisfy
local similarity. Specifically, in view of the boundary and
matching conditions, Eqs. (26a,b), and of the relation Vi » £2
in the region of matching (£3 -* °°), the solutions for Vi and H0
exhibit the anticipated Couette-like behavior, while the solu-
tion for F2 possesses the anticipated Poiseuille-like behavior.

For the outer region, described by the Eqs. (21-23) with the
boundary conditions (27a,b) the interplay between cross-flow
and streamwise flow is embodied in the boundary condition
(27a) for F3

(o). Except for this injection-like (or suction-like)
effect, due to the integral mass flow spillage in the inner region,
the streamwise and cross-flow velocities in the outer region are
uncoupled and amenable to sequential determination since the
governing equations are linear. The formal uncoupling re-
flects the anticipated presence of a small cross-flow in the outer
region, where the momentum flux per unit area is comparable
to that in the inviscid external flow. However, the outer
solutions remain linearly dependent on the a priori unknown
boundary value of F3

(o)(0). The magnitude of this param-
eter, and, therefore, the dependence of the flow upon three-di-
mensional effects, can only be unfolded upon matching of the
inner and outer solutions, and upon definition of the composite
solutions. In spite of the formal similarities with a small
cross-flow approximation in the outer region, the two-layer
model thus retains three-dimensional effects reflected quanti-
tatively in the dependence of the outer solutions upon the
boundary condition (27a). This synthetic representation of
the three-dimensional effect constitutes one of the salient re-
sults of the model; its validity is supported by the successful
comparisons with "exact" solutions for wall skin friction and
heat transfer as well as for streamwise and cross-flow velocity
profiles reported in Sec. 6.

The two layer model also leads to a specific definition of the
domains of dependence and/or influence to be considered in
numerical analyses of three-dimensional boundary layers.7
According to the model, the question is only relevant in the
outer region, where the flow is described by partial differential
equations. The formal uncoupling of the outer equations for
streamwise flow and cross-flow identifies the domains of de-
pendence and/or influence with streamtubes bound by inviscid
flow streamlines. However, different streamtubes may not
be analyzed independently of each other; the dependence of
F3(o)(0) upon (d<p/d£2)^—>o in Eq. (27a) requires simultaneous
determination of the entire boundary-layer flow upstream of a
considered station £1 = constant. Thus, the process of
analysis associated with the two layer model retains distinctly
three-dimensional features. The point of view is again sup-
ported by the comparisons presented in Sec. 6.

The complete definition of inner and outer solutions is contin-
gent with the stipulation of matching criteria [see Eqs. (26b)
and (27a) ]. These criteria must be predicated on, and be con-
sistent with, the process whereby inner and outer equations
have been derived. In this context, it is of interest to re-
iterate that the two layer model is of a heuristic rather than a
rigorous nature; conceptually, it belongs with the second
group of approximations recognized in the introduction. In-
deed, any dependence on the single small parameter (1 - m)
can be filtered out of the full Eqs. (8-11) by a density trans-
formation of the £3 coordinate and a simultaneous asymptotic
treatment of the pressure gradient parameter, viz. introduc-
tion of ft = /3*(1 — m)~l. Under these conditions the ap-
proximate equations and their solutions cannot be recovered as
the leading terms in a systematic asymptotic expansion in
powers of (1 — m); rather, they must be accepted as the result

INTERSECTION OF z,w
BODY SURFACE WITH—,
PLANE OF SYMMETRY

Fig. 3 Schematic diagram of flow and coordinate system
for the plane of symmetry problem.

of the physical argument and order of magnitude analysis set
forth above.

In the absence of a systematic asymptotic expansion frame-
work, the matching criteria must be evolved heuristically.
A review of Eqs. (15) and (16) readily shows that, if an overlap
domain exists for inner and outer solutions, it must be charac-
terized by: 1) F -* 0 in the outer solutions for vi and H, but
F -*• Fm (with Fm to be defined below) in the solution forJJ2;
and 2) v^ -> vle = 0(1), H^ -> 1, t;2« -> zJ2 (fcM = vle, H™
= 1) in the inner solutions.

Distinct inner limits must be applied to the outer solutions
for vi and H and to the solution for £>2 to recognize the dif-
ferent behavior of the streamwise and transversal momentum
fluxes in the region of rapidly decreasing density.^ In this
region, the momentum flux pvi2 rapidly decreases from 0(1)
near the outer boundary to 0(1 — m] near the inner boundary,
while the momentum flux pViVz remains uniformly 0(1 — m);
thus, the convective terms should be retained in the equations
for £i-momentum and energy (in accord with the outer approx-
imation), while they may be neglected in the equation for
fe-momentum (in accord with the inner approximation).
Consistent with these views the overlap domain for the cross-
flow is defined by

• Fm = (28)

With the convention F* = 0, for ft and H, F* = Fm for v2,
and with the commonjiotation g(o), g(i) for the outer and inner
solution of vi, v2, and H, the matching conditions then take the
form

b'(o)(£l»fe,/'T) ]*"->*•* = b^C&jfe^Olwi-^ie (29)
#»• -> i

The analytical statement of the two-layer model is thus
completed. In the following sections the model is tested
against the "exact" (numerical) similar solutions for the hy-
personic laminar boundary layer near a plane of symmetry.2

3. Plane of Symmetry Problem and
its Outer Solution

In order to facilitate the comparison with the results of
Trella and Libby,2 the two-layer model is applied to the self-
similar flows near a plane of symmetry by using the coordinate
system and the notation of Ref. 2, viz. (x,y,z) for the space co-
ordinates (Fig. 3), (u,vy,w) for the corresponding components
of velocity, (u,<p',g) for the velocity and enthalpy ratios.

u = u/ue, <p' = (1 — m)v/vej g = H/He (30)

Upon identification of the reference inviscid flow properties
[p*, ju*, etc. in (7a)] with the properties along the plane of

^ Obviously, the definition of Fm ** 0 could be replaced by
analysis of a third layer characterized by different magnitudes
of streamwise and transversal momentum fluxes.
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Fig. 4 Variation
of wall heat-transfer

parameter.

symmetry streamline, and upon density transformation, the
independent variables defined in Eq. (7a) become identical
to those of Ref. 2, namely

-e. (31)

The governing Eqs. (8-11), specialized to similar flows with
zero wall enthalpy, then become

-ijtZ, + ti), + <V = 0 (32)

(rju - w)ur, + $(g - u*) + M,, = 0 (33)
(rju - w)^' + [y + (1 - m)d][g - mu2] -

yu<p' - dip'* + <pm' = 0 (34)
(rju - w)grj + gm = 0 (35)

where

w = (2sy/2p[(w/Pefj,euer) - ur>'$z/ds)] (36)

A = [2sve]/[(l - m)p.wJr*i] (37a)
£ = [2s(due/ds)]/[(l - m)ue] (37b)

7 = [2«/(r/f;.)][d(TO.)/(to] (37c)

and a subscript 77 denotes derivatives with respect to rj. The
boundary conditions are

77 = 0, u = <p' = g = Q
co, u -> 1, <?' -+ (1 - m),

(38)

The continuity Eq. (32) is identically satisfied by introducing
the stream functions F and <p [see Eq. (14) ]

F = " udrj <p = ip'dr,

to obtain

w = rju — F — d<p

(39)

(40)

In accord with the discussion of Sec. 2, the three-dimensional
effect is then reflected by the parametric dependence of the
outer solutions upon the magnitude of w(o) in the overlap do-
main (F -* 0), viz. t()(o)(0) = — d<p(o\ where <p(o) denotes the
constant value of <p in the outer region. The particular state-
ment of the outer Eqs. (21-23) for the plane of symmetry
problem may now be obtained. In terms of the independent
variable

f = F + <Vo)

and of the dependent variables

(41)

v = (1 - u*), & = 9' - (1 - m), G = (I - g) (42)
these equations are, for (1 — m) ->• 0,

Of/ +fGf = 0 (43)
(44)

] (45)

The linear Eqs. (43-45) may be solved sequentially in closed

form. The solutions satisfying the boundary conditions

/-> o>,£-*0,*/-^0, $'-*0 (46)
can be expressed in terms of well-known special functions,
namely

) (47)

(49)**

where Ci, (72, and <73 are arbitrary constants to be determined
upon matching with the inner solutions, erfc(#) denotes the
standard complementary error function, T(x) the Gamma
function, M(a,b,x) and U(a,b,x) the Rummer's confluent hy-
pergeometric functions.13

In the presumed overlap domain (/ -> d<pM) the solutions
(47) and (48) behave like

(50)

'>)C2]F + 0(^2) (51)
a^ ((3 ,d<pM) being parameters defined in Appendix A.
Equations (50) and (51) provide the asymptotic approxima-
tions to be used in the matching of streamwise velocity and
stagnation enthalpy. The asymptotic approximation for the
cross-flow as F -* F* ^ 0, i.e., / -+ f* = F* + d<pM ', is ob-
tained from the Taylor series expansion

*/'(/*) (52)

with <£>'(/*) evaluated from Eq. (49), and the derivatives
$/'(/*)> ?/(/*) evaluated by straightforward differentiation of
Eqs. (48) and (49).

4. Inner Solution for the Plane
of Symmetry Problem

In the notation of Ref. 2, the inner equations are

ft, = 0 (53)
fi™ + £(</ - u*) = 0 (54)

*„' + y(g - u2) = 0 (55)
These are to be integrated subject to the boundary conditions

i? = 0, g = u = ^' = 0 (56)
and to the matching condition (29).

** The solution (49) fails when 7 = 2J3. Under those condi-
tions the solution (Al) of Appendix A should be used for ̂ >r(/).
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For ]8 = 0 the integrals are straightforward

g = u = Dii

- ?Di07»/6)[l -

(57)

(58)
with the arbitrary constants Z>i and D3 to be determined upon
matching of inner and outer solutions.

For (3 ?± 0, gw ?± l,~Eq. (54) is nonlinear and not amenable
to an exact closed form solution. However, an approximation
satisfactory for present purposes can be extracted by examin-
ing the behavior of the solution for 77 <3C 1, viz.

u(yf) = DW + 0(?72) = D2rj + Q(F)

Since F -> 0 in the inner region and in the overlap domain
according to the two-layer model, one may consistently ap-
proximate the integrals of Eqs. (53-55) by

g(rj) = (59)

(60)

£2 6 Z>n M>»--T-S- n - - -T (6D

i ^ D2 for /3 ^ 0. Within this approximation the
stream functions F and <p(o) are given by

F = u2/2D2, Fm = 1/2D2

55?

(62)

(63)

5. Composite Solution for the Plane of
Symmetry Problem

In accord with the results and discussion of Sec. 2, the cross-
flow <p' influences the streamwise velocity u and the stagna-
tion enthalpy g only through the presence of the parameter
(a<p(o)) in the outer equations and solutions. For each value
of this parameter, outer and inner solutions for u and g can be
defined uniquely and matched without a detailed knowledge of
<pr. However, analysis of the cross-flow is required to unfold
the stream function <p(o) and, therefore, the parameter a
characteristic of the inviscid flow for the problem at hand.
In line with these considerations, the developments for stream-
wise velocity and stagnation enthalpy are presented first
below.

For the purpose of matching, outer and inner solutions must
be cast in terms of the same independent variable, e.g., the
space coordinate £3 defined by

(1 - m)& = fj (v - G)dF (64a)

in the outer region, and by

(1 - m)& = fj (g - u^drj (64b)

in the inner region. Equations (50, 51, and 64a) readily yield

*?! +
0(/^2) (65a)

as F -> 0 in the outer region, while Eqs. (59, 60, and 64b) give

(65b)
in the inner region. Equation (65b), recast in outer variables

_!_ (1 - w _ (_!_)[! - (j)J (66)

approximated by a three-term expansion f f

- (67)

and combined with Eqs. (50) and (51) is then compared with
Eq. (65a) ; term by term matching results in two equations
for the unknown constants Ci, (72, A, and Z>2, namely

[«,»<;, + - ° a -

7T \1/2

— 1 CiD2 erfc

D! r f^n I exp -

Two additional equations arise from the requirement
Z)2(l - (?) = ZM1 -

(68b)

in the overlap domain, viz., upon substitution of Eqs. (50) and
(51),
D2[l + (ir/2)ll*Ci erfc(<V'V21/2)] = DJl -

(68c)

Z)2(7iexp[-(aV(o)2/2)] =

AKai^/ajCi + (a2
(1)/2)(72] (68d)

Simultaneous numerical solution of Eqs. (68a, b, c, d) yields
the constants of integration and, therefore, defines the profiles
in the inner and outer regions. Considerable simplification
occurs in the case J3 = 0 wherein (68a, b) are reduced to the
form

(69a)

(69b)
An immediate test of the two layer model is obtained by

specializing (69a, b) to the classical two-dimensional flat plate
problem (<p(o) = 0). The present analysis gives for the slope
of the velocity profile at the wall #,(0) ~ 0.46 compared with
the exact value w,(0) = 0.47. Thus, the matching in terms
of the £3 variable can provide good accuracy; the three-di-
mensional flow results presented in the following section
further recommend this choice for general applications.

The matching of outer and inner solutions for the cross-flow
can now be implemented. Substitution of Eqs. (49, 52, and
61) into Eq. (29) readily yields two linear equations in the two
unknown constants of integration C% and Z)a, namely

(ZVZ>2> - (2ZVZ>S)] (70a)

(7/6£>22)[l - (3A/2A)] (70b)
where/* = (1/2Z>2) + <Vo)- Upon solution of Eqs. (70a,b),
the stream function <p(o) may be evaluated from Eq. (63) and,

f f The term (v/Dz — G/Di) is identically zero for /3 =. 0, and is
of order v2 for J3 ^ 0.
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U*(0)

Fig. 5 Variation
of streamwise wall
shear parameter.

the parameter a, characteristic of the inviscid flow, may be
unfolded from the product a<p(°\

Finally, composite solutions may be constructed following
the rules of matched asymptotic expansion techniques, viz.

gcc)(&) = ?(o)(&) + 2co(&) - [g(>>(£3) W* (71)

where q denotes either G2, v2, or <pr and superscripts (c), (i), (o)
identify composite, inner and outer solutions, respectively.
As an example, the details of constructing Eq. (71) are pre-
sented here for q = v2. First, a value of /is chosen and &(/)
is determined from Eq. (64a)

= P (,-
J a^0'

G(f) and v(f) being described by Eqs. (47) and (48). Then
Eq. (48) itself is used to describe the outer solution

y(o>2 = [„(*)(/) ]2 (72)

Passing to the inner solution, Eq. (65b) is rewritten in the form

and solved for v2 to obtain

with

= 7T + COS~
L (73b)

Finally the inner limit of the outer solution is derived from
Eqs. (51) and (65a), viz.

(1 -

(74)

The analytical statement of the two-layer model is thus
completed; the assessment against known exact solutions
may now be undertaken.

6. Results and Discussions
The two-layer model and the associated solutions (see Sees.

3, 4, and 5) reduce the analysis of self-preserving hypersonic
laminar boundary layers near a plane of symmetry to a rapid
exercise in algebra, specifically the determination of the con-
stants of integration and the construction of the composite

Fig. 6 Variation
of cross-flow shear

parameter.

solutions (see Sec. 5). A comparison between the predictions
of the model and the exact results obtained by numerical inte-
gration of the full boundary-layer equations2 provides a com-
prehensive test on the range of applicability of the model; in-
deed, the considered family of flows encompasses a broad va-
riety of situations covering the spectrum from favorable to ad-
verse streamwise pressure gradients, and from large outflow to
large inflow in the transversal direction.

The wall heat-transfer parameter, the streamwise shear
parameter and the cross-flow shear parameter predicted by the
two-layer model for a number of cases are compared in Figs. 4,
5, and 6 with the results of Ref. 2. The comparison is quite
favorable. The percent differences between approximate and
"exact" results do not exceed 5% over the entire range of con-
ditions considered; their magnitude is essentially independent
of the streamwise pressure gradient parameter J3 at fixed cross-
flow parameter a, and is only mildly sensitive to changes in a.
Sit fixed $ [it becomes largest (~5%) for the largest outflows
considered]. The insensitivity to J3 indicates that the inertial
forces remain negligible in the inner region even in the pres-
ence of large adverse pressure gradients; however, the be-
havior under conditions approaching separation remains out-
side the range investigated here and in Ref. 2.

The good agreement in shear and heat transfer parameters is
also reflected in the velocity and enthalpy profiles; a repre-
sentative comparison between the present predictions and
those of Ref. 2 is exhibited in Fig. 7.

The apparent success of the two-layer model elicits further
inquiries about its essential aspects; among these are a) how
closely do the composite solutions follow a structural subdivi-
sion into inner and outer region? b) how realistic is the crudest
physical model8 where the outer region is approximated by a
solid plate that drives and confines the inner region into a
Couette-Kke streamwise motion and a Poiseuille-like cross-
flow motion? Some insights are obtained by inspection of
typical graphs of inner, outer, and composite solutions (Fig.
8). The structural subdivision is validated by the close agree-
ment between the actual composite solutions and the locally
appropriate (either inner or outer) approximate solutions;
transitions from inner to outer behavior occurs rapidly in a
narrow intermediate region [about (1 — ra)£3 « 0.37 in the
figure]. The crude physical model is corroborated by a juxta-
position of the inner solutions for streamwise and cross-flow
velocities; in this view it is clear that both solutions are es-
sentially consistent with the presence of a fictitious plate mov-
ing at u = 1. J{ In principle, the separate balances of stream-
wise and transversal momentum would require consideration
of two distinct, albeit adjacent, plates, each constraining the
motion in one direction; however, the small slip of the cross-
flow relative to the fictitious plate moving with u = 1 (Fig. 8)
indicates that a single plate model may suffice for a prelim-
inary analysis. Within this approximation Eq. (61) leads to a

REF 2

Fig. 7 Velocity and stagnation enthalpy profiles, a)
Streamwise velocity and stagnation enthalpy, b) Cross-

flow velocity.

tt In the absence of matching the position of the plate can be
determined by applying integral momentum considerations to the
flow in the inner region.8
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simple expression for the cross-flow shear parameter in terms
of the streamwise shear parameter, the heat-transfer parameter
and the transversal pressure gradient parameter 7

The practical usefulness of Eq. (75) is demonstrated by a com-
parison with exact results2 (Fig. 9); this shows that the
qualitative trends are well reproduced, although with lesser
accuracy than is accrued by the composite solution shown in
Fig. 6. It is of interest to note that the relation Eq. (75) has
been derived by considerations restricted to the inner region
where local similarity is always satisfied ;§§ accordingly, Eq.
(75) is applicable not only to the similar flows considered here
but to nonsimilar boundary layers as well.

A final comment is in order with regard to the extension of
the two-layer model for application at moderate (nonhyper-
sonic) Mach numbers. As noted in previous sections, the
model is not contingent with a singular dependence of the full
boundary-layer equations upon a Mach number parameter;
in fact, any essential Mach number dependence is filtered out
by a density transformation of the ^-coordinate. The outer
and inner equations must then be viewed as approximations
to the full equations in density transformed coordinates; as
such they must be effective at all Mach numbers. The strong
conclusion is reconciled with the hypersonic-oriented heuristic
derivation of the model [the order of magnitude estimates
Eqs. (15) and (16) are appropriate to hypersonic flows] if the
existence of two regions characterized by widely different
momentum fluxes per unit area is recognized for all Mach
numbers. Two such regions always exist; their description
and matching in density transformed coordinated are ob-
viously independent of Mach number. Thus, the hyper-
sonic-oriented approach has served the function of identifying
the approximations appropriate to the two regions and the cri-
teria for matching; the density transformation insures the
validity of the approximation at all Mach numbers.

Fig. 8 Juxtaposi-
tion of inner, outer,
and composite solu-
tions : a) Stream-
wise velocity, b)
Cross-flow velocity.

§§ It may be of interest to note the analogy between the present
model and the classical subdivision of a turbulent boundary layer
into a wall region and a wake region. In both cases, the inner re-
gion is in local equilibrium, while the outer region carries the mem-
ory of flow history.

Fig. 9 Variation of cross-flow shear parameter predicted
by Poiseuille flow approximation.

In conclusion, the positive aspects of the two layer ap-
proach, admittedly heuristic and approximate, are associated
with physical insights and analytical simplifications; among
these: 1) the wall injection model for the interaction between
streamwise flow and cross-flow in the outer region; 2) the re-
duction of the outer equations to linear form with attendant
benefits of comparatively rapid and straightforward solution
(in closed form); and 3) the local similarity model for the
inner region with consequent simplification of the equations
to ordinary differential form. In view of these aspects, of
the satisfactory results obtained for the broad class of hyper-
sonic plane of symmetry problems, and of the essential Mach
number independence of the solutions in density transformed
coordinates, it is concluded that the two-layer model can pro-
vide a useful basis for extensive analysis and understanding
of three-dimensional boundary-layer problems.

Appendix A

For 2/3 = 7 the solution (49) for the cross-flow $'(/) in the
outer region must be replaced by

(Al)

The solution (Al) is valid for all ft and 7; Eq. (49) was indi-
cated in the main text because of its greater simplicity.

The parameters a,i(fi ($ ,d<p(o)) introduced in Eq. (51) are
defined by

x

exp(- A (A2)

) (A3)
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X

(A5)

where

f- [u + 2* * (f + A f ,
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